On regular and singular perturbations of acoustic and 

quantum waveguides 



Rustem R. GADYL'SHIN^ 



Bashkir State Pedagogical University, October Revolution St. 3a, 
450000, Ufa, Russia 

Institute of Mathematics, Ufa Science Center of Russian Academy 
of Sciences, 112 Chernyshevski str., 450077 Ufa, Russia 
E-mail: gadylshin@bspu.ru, gadylshin@narod.ru 



Abstract 

We consider regular and singular perturbations of the Dirichlet and 
Neumann boundary value problems for the Helmholtz equation in n- 
dimensional cylinders. Existence of eigenvalues and their asymptotics 
are studied. 



1 Introduction 

We consider regular and singular perturbations of the Neumann and Dirich- 
let boundary value problems for Hg'"'' := —(A + Hm) in n-dimensional cylin- 
der n = (— oo, oo) X Q, where Q C R"^^ is a simply connected bounded 
domain with C°°-boundary for n > 3 and is an interval (a, b) for n = 2. 
Hereinafter, fij and (pj are the eigenvalues and eigenfunctions of —A' := 

— + ■ ■ ■ + in n subject to the same type of the boundary con- 
dition on dfl as in the original unperturbed boundary valued problem for 
:= — (A + /im) on dH, jjLj < Hj+i, j = 1, 2, ... . The functions are as- 
sumed to be normalized in L^(f2). The Neumann problem is a mathematical 
model describing acoustic waveguide while the Dirichlet one corresponds to a 
quantum waveguide. It is known that unperturbed boundary value problems 
have no eigenfunctions in H^{Il). At the same time such eigenfunctions and 
eigenvalues (bound states) can emerge under perturbations. We study the 
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questions on existence and absence of such emerging eigenvalues and con- 
structing their asymptotic expansions. Both cases of regular and singular 
perturbations of these boundary value problems are considered. The regular 
perturbation treated in the next section is performed by a small localized 
linear operator of second order. The example of such operator is a small 
complex potential as well as other perturbations considered in for the 
Schrodinger operator on the axis. Other examples are small deformations 
of strips and cylinders which can be reduced to the case we consider by a 
change of variables As a singular perturbation of the Dirichlet and 

Neumann boundary value problems in 11 we consider the switching of type 
of boundary condition at a small segment of the boundary. Such a choice is 
motivated by a number of articles having appeared recently and containing 
both rigorous results for quantum waveguides (0, 0) as well as non-rigorous 
asymptotic results (see [Zj, [Hj and other articles of these authors on singu- 
larly perturbed two- and three-dimensional quantum waveguides given in 
the bibliography of jTj, [S]). These formal asymptotics were derived by the 
method of matching of asymptotic expansions [HI on the basis of scheme em- 
ployed in |ini^[I21 for constructing the asymptotics for scattering frequencies 
of Helmholtz resonator. However, rigorous justification of the asymptotics 
for these scattering frequencies adduced in jTni-[I2I is based on the compact- 
ness of obstacle (boundary) and due to this fact it can not be applied to the 
case of a waveguide. The question on an estimating of the inverse operator 
for singularly perturbed waveguides (providing a possibility to justify formal 
asymptotics) is treated in the third section. In two concluding sections we 
construct the leading terms for asymptotics of the eigenvalues and poles for 
singularly perturbed quantum and acoustic waveguides. 



2 Regular perturbation 

Hereinafter H^^^^lU) is a set of functions defined on H whose restriction to 
any bounded domain D cH belongs to H^{D), || • ||g and || • \\j^G are norms 
in L2(G) and H^{G), respectively. Next, let Q = i-R,R) x n, where R>0 
is an arbitrary fixed number, L^(H;Q) be the subset of functions in i^^(H) 
with supports in Q, be linear operators mapping Hf^^ijl) into L^(H;(5) 
such that ||£e[M]||Q < C{C) ||m||2,q, where constant C(£) is independent of 
e, < £ ^ 1. In this section we study the existence and the asymptotics of 
the eigenvalues of the Dirichlet and Neumann boundary value problems for 
-^("^) ._ -^(™-) _ Yi -poT a small complex k, we define a linear operator 
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^ m — l oo 



^("■)(%:= (5^ + 5^j-ijM_|^-.rM..-..l^,^^ (2.1) 



.i=l j=mj 



n 



where x' = (x2, i^j™''(A;) = i^/ /im — /Uj — for j < m, K^\k) = k 

and Kj™'\k) = fij — /i^ + k'^ for j > m. By anafogy with IJ for / G 
L^(n; Q) we seek a solution of 

= -k'^u, + f as a; G n, u, = [or ^ = O) as x E dU (2.2) 

(where i> is normal) as 

Ue = A^"'\k)g,, (2.3) 

where G L^(n;(5). By definition ()2.3|) is the solution of the equation 
T-L'^\k)us = —k'^Uir + in n and satisfies the boundary condition in ()2.2p . 
Substituting (Q into (Q, we get that (Q gives a solution for (Q if 

(/-£/:,A(-)(fc))^?, = /, (2.4) 

where / is identity mapping. If Ce[<t>m] = 0, due to ()2.1|) . ()2.3|) and ()2.4|) it 
follows that the pole /cl'"^ of ()2.3j) is equal zero and — as e — 0. Thus, 
there is no small eigenvalue in this case. Assume £e[0m] 7^ 0, 

(F) := 1 Fdx, f^^\k)g ■.=CM^^\k)g] - 
n 

5f)(A:) := (/-efi-)(A;))"\ 

Applying the operator S'i^\k) to both sides of the equation ()2.4p . we obtain 
that 

^7. - )(A;)/:,[0J^ = 5f )(A;)/, (2.5) 

(l - ^ {<PmS^r\k)C,[<Pm])) = {<PmSi"'\k) f) . (2.6) 



The equality ()2.fi|l allows us to determine {ge4>m)- Substituting its value into 
()2.5p . we easily get the formula 

2k(si'^\k)f)si"'\k)CM , ^ 

9e = ^— ^ + S^r\k)f. (2.7) 

2k-eU^S^"'\k)C,[<l)„- 



Formulas ()2.7j) and ()2.3|1 imply, that, if ke is a solution of the equation 

2k-e{<PmSt\k)C,[(t>^])=Q, (2.8) 

then the residue of ()2.3p at fce'"^ 

_ A^'^\kf^^)S^^\k^J^^)Ce[(p^] (2.9) 

is the solution of the equation T-ci"^^ tps™'^ = Ae'^Ve™'' n (with corresponding 
homogeneous Dirichlet or Neumann boundary conditions), where Xi"^^ = 

- (kt^^ . The formulas dHI), (Q yield if Reki^^ > 0, then t/ji^^ e L2(n) 

and, hence, A^^^ is the eigenvalue which due to ()2.8|) has the asymptotics 

= -e^\ {(l)mC,[(l)^]f + O (6^) (2.10) 

with m = 1 (and the function ()2.9|1 is the associated eigenfunction). For m > 
2, the formulas ^J^, (jZHI), imply, that if Refci™^ > and Im/ci™^ > 0, 
then ipi"^^ G -Z^^(n), too, and, hence, A^"^'* is the eigenvalue of the perturbed 
problem with asymptotics ()2.1()|1 . In particular, the equation ()2.8|1 allows us 
to maintain that in the case > 6 > there exists small eigenvalue. 



3 Singular perturbations. Convergence of poles 
and representation of solutions near poles 

Assume for simplicity in describing the of perturbations that the domain 
Q coincides with half-space x„ > in some neighborhood of the origin (in 
variables x'), a; is a (tt, — l)-dimensional bounded domain in the hyperplane 
Xn = having smooth boundary, = {x : xe~^ G u}, = dll\uj^. For 
a given / G L'^{Il] Q), we consider two singularly perturbed boundary value 
problems 

dv 



Me = 0, X G Fe (or X G cj^), = 0, a; G cj^ (or a; G F^ 



Let F^ = 9n n ag, fi^ = 9Q\F^, Ff = F^\cJ;. For each V G E'^{Q), 
we denote by : H^{Q) H^{Q) the inverse operator for the following 
boundary value problems 

AWe = AV, xgQ, We = V, xen^, 

We = 0, X G Ff (or X G oOe), = 0, X e uje {oT X e Ff ). 
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Let x^i^i) be an infinitely differentiable moUifier function equalling to one 
for ±xi < R/2 and vanishing for ±xi > R, Il± = {x : a; G 11, ±xi > 0}, 
p± be the restriction operator from 11 to Il±, p2_ be the restriction operator 
from n± to n± n Q, 



A^r\k)g :=(1 - x^)A^r\k)p+9 + (1 - X-)A^-Hk)P-9 

+ X^X-cre [pUt\k)p^9 + p''^A^-\k)p.g) , g G L\U;Q). 

We construct the solution of (jH.lll in the form 

= Ai"'\k)g,, (3.2) 

where gs is a some function belonging to L'^(Il;Q). Substituting ()3.2j) into 
(jH.lj) . by analogy with [THj we deduce that this function is a solution of ()3.1|1 
in the case 

<7, = (/ + ri™)(fc))-V, (3.3) 

where, for any fixed e, T£™'\k) is a holomorphic operator- valued function 
and, for any fixed k, T£™'\k) is a compact operator in L^(n; Q). Analyze of 
this family with respect to e (which is similar to jHj and based on jTSj) and 
the representations ()3.2j) . ()3.3j) imply that there exists one pole kf^ of 
the solution of p.ip and for small /c, this solution meet the representation 

u,(x,A;) = -^^^M^ ! 4"^\y)f{y)dy + u,{x,k), (3.4) 



2 k-k, 



(m) 



e 



n 



\\us\\i,D<CiD,Q)\\f\\u (3.5) 

for any bounded domain D C 11. The residue ipi™'^ at this pole is a solution 
to the equation T^Q^'Ve"^^ = A^'^Ve"^^ iii n, where Ai™"* = — (^ki^^^ , satisfies 
the boundary conditions from 1)3.11) and for any fixed Xi converges to 0m (up 
to a multiplicative constant) as £ — 0. This convergence, the representation 
()3.2j) and the definition of A^e^\k) imply that 

^M(a;) = ^a,^0,(x')e-l^^l^'=^^'(^")+a^^0„(x')e-l^^l^^^^'"' +o(e-l^^l^) 



as xi — s> oo 
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where = 1 + o(l) as e —>■ and 6 > some fixed number. In partially, 
this asymptotics implies that 

there exists eigenvalue Ae^"* provided Reki^^ > 0, (3.6) 

if m > 2, Re fci""^ > but Im fci™^ < and af ^ 0, 

- ' ^ ^ ' (3.7) 

then there is no an eigenvalue, 

there is no an eigenvalue if Kekg"^^ < 0. (3-8) 

Thus, in fact we need to construct and to justify asymptotics of the 
pole fci™'' (and, an additional, asymptotics of the residue ipi"^'^ in the case 
()3.7p ) which generates the eigenvalue or doesn't. As above mentioned in 
the case of regular perturbation the asymptotics for pole can obtained by 
simple calculations in ()2.8|) . while dealing with singular perturbation, we 
have no such equation. On the other hand, the representation ()3.5j) allows 
to justify the method of matching asymptotic expansions in constructing the 
asymptotics for the poles fci™"* and for the residue ipe"^\ 

As it has been mentioned above, the formal construction of complete 
asymptotics of poles for the boundary valued problems ()3.1|) and for Helmholtz 
resonator jin]^|I2| is similar. That's why in the next two section we will con- 
struct first perturbed terms of poles only. 



4 Singular perturbation of quantum waveg- 
uide. Asymptotics of poles and eigenvalues 

Let Sn be the unit sphere in M", Gm\x,y, k) be the Green function of the 
unperturbed Dirichlet boundary value problem in 11, $m = gf-0m(a^')U'=o 7^ 
0, ¥^\x,k) = -2k<!>-'^GT\x,y,k)\y=o. By definition 

^^^(a;, k) (pmix'), k^O for any fixed x ^ 0, (4.1) 
¥^\x, k) = <l>mXn + ir^^ + O (fcr-"+2) , r=\x\^0,k^O. 

(4.2) 

Taking into account ()4.1|) . outside small neighborhood of we construct 
the residue tpi"^^ in the form ki""^). Near LUi; we construct 

asymptotics by using the method of matching asymptotic expansions P] [T^ 
in the variables ^ = The structure of the expansions of ipi"^^ in this 

zone and of the pole ki"^^ are inspired by the following consideration. When 
X = and k = ki^\ both terms in right hand side of ()4.2|1 must have 
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the same order with respect to e. This degree determines the first term in 
the interior layer for il)^e^\ while the right hand side of ()4.2|) (rewritten in 
variables ^ and for k = ki"^^) determines the asymptotics of this term as 
p = 1^1 ^ oo. Due to these reasons we construct asymptotics as 

fcM=eV^) + ..., 4^\x)=ev^-\0 + ..., (4.3) 

V^^\0 = ^Un + ^rlr^ i^m\Sn\r' ^P"" + O (p-"+l) , p ^ OO. (4.4) 

Substituting ()4.3|) in ()3.1|) (with / = and k = ki"^^), we obtain the boundary 
value problem for v["^^: 

A^^!™) = 0, en > 0, vi""^ = 0, e e r, ^ = 0, ^eu, (4.5) 

where F = : = 0, ^ ^ c<j}. It is known, there exists the solution X„ 
of ()4.5p with asymptotics X„(e) = + Cn{uj)inP~^ + o{p~'^^^) as p — oo, 
where c„(u;) > 0. Thus it follows from ()4.4|) that 

v^r\0 = $™^n(0, rjr^ = 4-^c„(a;)|5„|<l>^ > 0. (4.6) 

By fj4.3|) . ()4.6|) we have Refce™^ > and, hence (see ()3.6|) ). there exists 
eigenvalue 

'c„(u;)|^„|$^' 



-) +o{e'-). 



4 

For m > 2, constructing next terms for expansions ki"^'^ and V^i™^ (similar 



"^^^ obtain that 



imfcM = -.-f^iiM^^ y-i^ + o(.-)<o 



a? ~ — . . s 7^ 0. 



where $j = -£-(f)j{x')\rc'=o- Therefore, the pole kg meets the asymptotics 
()4.3j) . ()4.(ij) . but (see ()3.7|l ) does not generate an eigenvalue of the considered 
singular perturbation of the Dirichlet boundary value problem. 



5 Singular perturbation of acoustic waveg- 
uide. Asymptotics of poles 

Let Gln\x, y, k) be the Green function of the unperturbed Neumann bound- 
ary value problem, (/)m.(0) 7^ 0, '^m\x, k) = —2k(f):^ {0)G^\x , 0, k), Q;„(r) = 
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r "'"'"^ for n > 3 and a2{r) = — Inr. By definition 

'^^\x, k) —>■ (j)rn{x'), — * for any fixed x ^ 0, 
¥^\x, k) = 0^^(O) + 4k {<PmmSn\r' a„(r) + O (kr-"+''''^ , (5.1) 

r ^0, k^O, 

where 6j is the Cronecker delta. Taking into account (jB.lll and following the 
method of matching asymptotic expansions similar the previous section we 
obtain that 

t<"l = e"-VS + . . . , n>S, tj"' = -hi-'er^"' + ,,,, n = 2, 

rti - -^"'""^1^"'°' < 0. n>3, .r' = -4^^<0. n = 2. 

(5.2) 

where C„(co') > is the capacity of the disk uj. Thus, Re fci™''' < 0. Therefore, 
the pole ki"^^ meets the asymptotics ()5.2j) . but (see ()3.8|l ) it does not gen- 
erate an eigenvalue of the considered singular perturbation of the Neumann 
boundary value problem. 

The author thanks E. Sanchez- Palencia and D. 1. Borisov for discus- 
sion of the work and useful remarks. The work is supported by grants of 
RFBR (02-01-00693, 02-01-00768) and by the program "Scientific Schools" 
(1446.2003.1). 
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